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Abstract 

The aim of this paper is to describe the closure of the numerical range of the 
product of two orthogonal projections in Hilbert space as a closed convex hull of 
some explicit ellipses parametrized by points in the spectrum. Several improvements 
(removing the closure of the numerical range of the operator, using a parametrization 
after its eigenvalues) are possible under additional assumptions. An estimate of the 
least angular opening of a sector with vertex 1 containing the numerical range of a 
product of two orthogonal projections onto two subspaces is given in terms of the 
cosine of the Friedrichs angle. Applications to the rate of convergence in the method 
of alternating projections and to the uncertainty principle in harmonic analysis are 
also discussed. 

Keywords: Numerical range; orthogonal projections; Friedrich angle; method of 
alternating projections; uncertainty principle; annihilating pair. 

1 Introduction 

Background. The numerical range of a Hilbert space operator T G B{H) is 
defined as W{T) = {{Tx, x) ,x Q H, \\x\\ = 1}. It is always a convex set in the complex 
plane (the Toeplitz-Hausdorff theorem) containing in its closure the spectrum of the 
operator. Also, the intersection of the closure of the numerical ranges of all the 
operators similar to T is precisely the convex hull of the spectrum of T (Hildebrandt's 
theorem). We refer to the book |GR97] for these and other facts about numerical 
ranges. Another useful property the numerical ranges have is the following recent 
result of Crouzeix |Cro07l : for evert T G B{H) and every polynomial p , we have 
|b(r)|| < 12sup,giv(^) \piz)\. 

The problem. The main aim of this paper is to study the numerical range 
W{T) and the numerical radius, defined by u}{T) = sup{|z| , z G W{T)}, of a product 
of two orthogonal projections T = Pn-iPMi- In what follows we denote by Pm the 
orthogonal projection onto the closed subspace M of a given Hilbert space H. We prove 
a representation of the closure oiW{T) as a closed convex hull of some explicit ellipses 
parametrized by points in the spectrum cr(T) of T and we discuss several applications. 
We also study the relationship between the numerical range (numerical radius) of a 
product of two orthogonal projections and its spectrum (resp. spectral radius). Recall 
that the spectral radius r{T) of T G B{H) is defined as r{T) = sup{|z| , z G (j{T)}. 

Previous results. Orthogonal projections in Hilbert space are basic objects of 
study in Operator theory. Products or sums of orthogonal projections, in finite or 
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infinite dimensional Hilbert spaces, appear in various problems and in many different 
areas, pure or applied. We refer the reader to a book |Gal04 l and two recent surveys 
[Gal08. BSf for more information. The fact that the numerical range of a finite 
product of orthogonal projections is included in some sector of the complex plane 
with vertex at 1 was an essential ingredient in the proof by Delyon and Delyon fDD99| 
of a conjecture of Bur kh older, saying that the iterates of a product of conditional 
expectations are almost surely convergent to some conditional expectation in an 
space (see also |Cro08l ICoh07j ). For a product of two orthogonal projections we 
know that the numerical range is included in a sector with vertex one and angle 7r/6 
r iCroOSp . 

The spectrum of a product of two orthogonal projections appears naturally in 
the study of the rate of convergence in the strong operator topology of (^A/a-^Afi)" 
to Pmiha/^ (cf. IDeuOll IBDH091 IDHlOal IDHlObI IBGMI IBGMIOI IBLT0] 1. This is 
a particular instance of von Neumann-Halperin type theorems, sometimes called in 
the literature the method of alternating projections. The following dichotomy holds 
(see |BDH09] ): either the sequence {PM2PM1)" converge uniformly with an expo- 
nential speed to PM^nA-h (i^ 1 ^ (^{Pm^Pmi)), or the sequence of alternating pro- 
jections (Pm2^Mi)" converges arbitrarily slowly in the strong operator topology (if 
1 € <y{PM-2PMi))- We refer to |BGMI iBGMlOj for several possible meanings of "slow 
convergence". 

An occurrence of the numerical range of operators related to sums of orthogonal 
projections appears also in some Harmonic analysis problems. The uncertainty prin- 
ciple in Fourier analysis is the informal assertion that a function / S L2{^) and its 
Fourier transform J-"(/) cannot be too small simultaneously. Annihilating pairs and 
strong annihilating pairs are a way to formulate this idea (precise definitions will be 
given in Section 5). Characterizations of annihilating pairs and strong annihilating 
pairs {S, S) in terms of the numerical range of the operator Ps+^Pt., constructed using 
some associated orthogonal projections P5 and Pj], can be found in jHJ94[ lLen72j . 

Main Results. Our first contribution is an exact formula for the closure of 
the numerical range W{Pm2Pmi): expressed as a convex hull of some ellipses 
parametrized by points in the spectrum (A G a{PM2PMi))- 

Definition 1.1. Let A G [0, 1]. We denote ^(A) the domain delimited by the ellipse 
with foci and A, and minor axis length yj A(l — A). 

We refer to Remark [33] and to Figure 1 for more information about these ellipses. 

Theorem 1.2. Let Mi and M2 be two closed subspaces of H such that Mi ^ H or 
M2 ^ H. Then the closure of the numerical range of PM2PM1 is the closure of the 
convex hull of the ellipses (S'{X) for A G <t{Pm2Pmi) , i-e..' 



W{PM2PA'h) = convAe.(P,,^P,,j{^(A)}. 

The proof uses in an essential way Halmos' two subspaces theorem recalled in the 
next section. We will use a completely different approach to describe the numerical 
range (without the closure) of T = PM2PM1 under the additional assumption that the 



self-adjoint operator T*T — PmiPm2Pmi is diagonalisable (see Definition 3.7 1. In this 
case the numerical range W{T) is the convex hull of the same ellipses as before but 
this time parametrized by the point spectrum <Jp{T) (=eigenvalues) of T = Pm2Pmi- 

Theorem 1.3. Let H be a separable Hilbert space. Let Mi and M2 be two closed 
subspaces of a Hilbert space H such that Mi ^ H or M2 7^ H. If PuiiPAhPAh 
diagonalizable, then the numerical range W{Pm2Pmi) convex hull of the ellipses 

<S'{\), with the As being the eigenvalues of PM2PM1, i-e-' 

W{PM2PAh) — cony xea-piPM^PMi) 

{^(A)}. 
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Concerning the relationship between the numerical radius and the spectral radius 
of a product of two orthogonal projections we prove the following result. 

Proposition 1.4. Let Mi,M2 be two closed subspaces of H. The numerical radius 
and the spectral radius of PM2PM1 o,re linked by the following formula: 

lu{Pm,Pm,) = \ (VriPAhPMj + riPM.PMj) ■ 
The proof is an application of Theorem 1 1 . 2 1 and the obtained formula is better than 



Kittaneh's inequality [KitOSj whenever the Friedrichs angle (Definition 2.6) between 
Ml and M2 is positive. 



Theorems |1.2| and 1.3 can be used to localize WIPaj^Pmi) even if the spectrum of 
PAhPjMi is unknown. We mention here the following important consequence about the 
inclusion of W{Pm2Pmi) in a sector of vertex 1 whose angular opening is expressed 
in terms of the cosine of the Friedrichs angle cos (Mi, M2) between the subspaces Mi 
and M2. This is a refinement of the Crouzeix's result |Cro08j for products of two 
orthogonal projections. 

Proposition 1.5. Let Mi and AI2 be two closed subspaces of a Hilbert space H. We 
have the following inclusion: 



W{PmM C |z e C, |arg(l - z)\ < arctan(^ ^^^^^Bh)^] ' 

We next consider some inverse spectral problems and construct examples of pro- 
jections such that the spectrum of their product is a prescribed compact set included 
in [0, 1]. These examples will generalise to the infinite dimensional setting a result due 
to Nelson and Neumann |NN87| . We will also give examples that answers two open 
questions stated in a article of Nees |Nee99] . 

The following result allows to find u{Pm2Pmi) H [|, 1], the points of the spectrum 
which are larger than 1/4, whenever the closure W{Pm2Pmi) of the numerical range 
is known. 

Theorem 1.6. Let a G [f ,7r]. The following assertions are equivalent: 
^- 2(i-cos(a)) ^ ^{Pm2Pm^); 

2. sup{Re(zexp(~ia)),z e T^(PAf2^Mj} - 4(i-cos(a)) ■ 

Actually it is possible to obtain a description of the entire spectrum (^(PAfjPMi) 
starting from W{Pm2Pmi) and W{Pm2{I - Pm^))- 

Finally, we will explain how the relation 1 G W{Pm2Pmi) is related to arbitrarily 
slow convergence in the von Neumann-Halperin theorem and we will give new charac- 
terizations of annihilating pairs and strong annihilating pairs in terms of W{PsPy)- 

Organization of the paper. The rest of the paper is organized as follows. We 
recall in Section 2 several preliminary notions and known facts that will be useful in 
the sequel. In Section 3 we discuss the results concerning the exact computation of 
the numerical range of a product T of two orthogonal projections assuming that the 
spectrum, or the point spectrum, of T is known. Then we will give some "localiza- 
tion" results about the numerical range of T that require less informations about the 
spectrum of T. Several examples are also given, some of them leading to an answer 
of two open questions from |Nee99| . In Section 4 we discuss the inverse problem of 
describing the spectrum of T knowing its numerical range, and the relationship be- 
tween the numerical and spectral radii of T. The paper ends with two applications 
of these results, one concerning the rate of convergence in the method of alternating 
projections and the second one concerning the uncertainty principle. 
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2 Preliminaries 

In this section we introduce some notation and recall several useful facts and results. 



2.1 Halmos' two subspaces theorem 

For a fixed Hilbert space H and a closed subspace M of iJ we denote by the 
orthogonal complement of M in H and by Pm the orthogonal projection onto M . Let 
now Ml and M2 be two closed subspaces of a Hilbert space H . Consider the following 
orthogonal decomposition: 

H = (Ml n M2) ® (Ml n M^) e [m^ n A-h) ® {m^ n m^) e (i) 

where H is the orthogonal complement of the first 4 subspaces. With respect to this 
orthogonal decomposition we can write: 

Pa/, = / ® ® ® ® Pi 
Pm2 = /®0®/®0®P2 
Pm^Pm, = /®0®0®0® P2P1. 



Using the formula W{T ® S) = conv{T4^(T), P^(5)} (see for instance |GR97| ) we 
have W{Pm2Pmi) — conv{{l}, {0}, W^(P2Pi)} whenever the corresponding subspaces 
m[^^ n M^"^' are not equal to {0}. 

Definition 2.1. Let Ni,N2 be two closed subspaces of an Hilbert space H. We say 
that (Ni,N2) are in generic position if: 

iVi n iV2 = nN2 = NiH = iVi^ n = {o}. 

In Sections 2 and 3 we will denote pairs of subspaces in generic position by {Ni , 7V2) , 
in order to distinguish them from pairs of general closed subspaces (Mi, M2). 

We say that A is unitary equivalent to B (and write A ^ B) if there exists a 
unitary operator U such that A = UBU* . The following result, Halmos' two subspace 
theorem |Hal69] . is a useful description of orthogonal projections of two subspaces in 
generic position. 

Theorem 2.2. If (Ni,N2) are in generic position, then there exists a subspace K 
of H such that H is unitary equivalent to K ® K . Also, there exist two operators 
C,S G B{K) such that < C < 1 , < S < I and C'^ + S'^ = I , and such that Pi and 
P2 are simultaneously unitary equivalent to the following operators: 

/ \ „ / CS 



Moreover, there exists an operator T verifying < T < such that cos(r) = C and 
sin(r) = S. 

For a historical discussion and several applications of Halmos' two subspace theo- 
rem we refer the reader to |BS10| . 

2.2 Support functions 

The notion of support functions is classical in convex analysis. 
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Definition 2.3. Let be a bounded convex set in C. Let a e M. The support 
function of .y, of angle a, is defined by the following formula: 

p.y{a) = sup{Re(zexp(— ia)), z e S^}. 

The following proposition shows that the support function characterizes the closure 
of convex sets. 

Proposition 2.4. We denote by the closure of y. We have: 
5^== {z e C,Va,Re(zexp(-ia)) < p.5^{a)}. 

We will need in this paper the following result about support functions. 

Lemma 2.5. Let ,5^\^,5^2 be two bounded convex sets of the plane with support func- 
tions p_y-^(a) and, respectively, p^^{a). Let ,5^ be such that p,y(a) — maxi=i_2 ps^-{a). 
Then we have ^ — conv{j?^i, ^5^2}- 

A proof of the above propositions and more information about support functions 
are available in [RocTO^. 

2.3 Cosine of Priedrichs angle of two subspaces 

We now introduce the cosine of the Friederichs angle between two subspaces. We refer 
to |Deu01| as a source for more information. 

Definition 2.6. Let M\^M2 be two closed subsaces of i/, with intersection M = 
Ml n M2- We define the cosine of the Friederichs angle between Mi and M2 by the 
following formula: 

cos(Mi,M2) = sup{|(x,?/)| ,x e Ml n M^,ye M2 n M^, \\x\\ = \\y\\ = 1}. 

An equivalent way ( jKW88l IDeuOlj ) to express the above cosine is given by the 
formula cos^(Mi,M2) — \\PmiPm2Pmi — ^j\/inA/2 II ■ The following result, which will 
be helpful later on, offers a spectral interpretation of cos(Mi, M2). 

Lemma 2.7. Let Mi and M2 be two closed subspaces of H. Then 

cos(Mi, M2) = sup{VA : A e ^(Pm.PmJ \ {1}}. 

This result can be seen as a consequence of Halmos' two subspace theorem (see 
|BS10p . We present here a different proof. 

Proof. We start by remarking that (7{Pm2Pmi) is a compact subset of [0, 1]. Indeed, 
we have aiPM.PM^PM,) \ {0} = fT((PM./'MjPA/J \ {0} = (j{Pm,Pm^) \ {0} and 
PM1PM2PM1 is a self-adjoint operator which is positive and of norm one. Using the 
decomposition H = {Mi D M2) © (Mi n M2)^ we can write PmiPa^Pmi = PAhnA-h ® 
(PmiPm^Pmi -PMinA'h), so we get ^{PmxPm^Pmi) = (^{PM^nAh)^ <^iPMiPM2PMi - 
-PMiHMa)- Since 

cos^(Mi, M2) = \\PA41PM2PAh - PAhnA-hW sup aiPMiPAhPAh ~ PAhnAh) 
we obtain 

cos2(Mi, 1/2) = supaiPM.PAi^PAh) \ {1} = supa(FM.-PMj \ {!}• 

□ 
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3 Description of the numerical range knowing the 
spectrum 

3.1 The closure of the numerical range as a convex hull of 
ellipses 

The goal of this section is to prove Theorem |1.2| using a description of the support 



function of ( P2 ^'i ) , which is a closed convex set of C . This idea appeared for instance 
in |Len72] in a different context. We will first assume that we are in generic position; 
the general case will be easily deduced from this particular one. 

Lemma 3.1. Suppose that (Ni,N2) is in generic position. Then the support function 
of the numerical range of P2P1 is: 

Pw{P2Pi){<^) ^ sup ^(cos(a)A + ^A(l - sin(a)2A)). 

\ea(P2Pi) ^ 

Proof. We have that 

Pm^(P2Pi)(") = sup{Re{{P2Pih,h)exp{-ia)),h G H, \\h\\ ^ 1} 
= sup{Re((exp(-ia)P2A/i, h)),h& H,\\h\\ = 1} 
= sup{(Re(exp(-ia)P2Pi)/i,/i) e H, \\h\\ = 1}. 

Applying Halmos' two subspace theorem, we get 




,PlP2 



C2 cs 





cos(a)C2 

cxp(-va) pg 



cos(a) cos(t)^ exp(ia) ^^^^-f--^ sin(i) 



cxp( — la ) 
2 



cos(t) sm{t) 



Then we have that Re(exp(— ia)P2-pL) ~ M{T,a). As M{t,a) is hermitian, if we 
denote vi{t, a) and V2{t, a) the eigenvalues of M{t, a), we get that 



M{t,a) 



vi{t,a) 
V2{t,a) 



It can be computed that vi(t, a) = |(cos(a) cos(i)^ + cos(t) ^1 — sm{a)^ cos(i)^) and 
V2{t,a) — 5(cos(q!) cos(i)^ — cos(t)-\/l — sin(a)2 cos(t)2). We have vi{t,a) > and 
V2{t,a) < for every t G [0, §]. As o'(T) C [0, §], we obtain the following order rela- 
tions V2{T, a) <0< Vi(T, a). This imphes Af (T, a) = Vi(T, a) ® V2{T, a). Moreover, 
the operators Vi(T,a) are self-adjoint, i = 1,2. Therefore 

Pw(P2Pi)(") = sup (Re(exp(-ia)P2-Pi)^, 

||h|| = l 

= sup {vi{T,a)x,x) 

= \\vi{T,a)\\ 

= sup vi{to,a). 

toe<y{T) 
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Figure 1: Ellipse <^(A) for A = 0.1, 0.2, . . . , 0.9 



Halmos' theorem implies that 

PPP ^°^(^)' ^ 

P1P2P1 Q 

We have a(P2Pi)\{0} = a((P2Pi)Pi)\{0} = a(PiP2Pi)\{0}, a nd cos^(f7(r))U{ 0} = 
<y{PiP2Pi)- Denoting A — cos(i)^ and Vi{\,a) — 5(cos(a)A ± ^A(l — sin{aY\)), we 
get pw(P2P^)(.a) = sup;^g^(p^p^) vi{\ a). □ 

Remark 3.2. Using a formula due to Lumer |Lum61l Lemma 12], we obtain 

Pw(P2Pi)(a) = supRe(l^(exp(-ia)P2Pi)) 

^. ||/-iRe(exp(-ia)P2Pi)|| - 1 

= iim 

t^o+ t 

||/-texp(-ia)P2Pi|| -1 
= lim . 

t^o+ t 



In order to make the formula of M^(P2Pi) more explicit, we will describe it as 
the convex hull of ellipses <S{\)- Recall that for A S [0,1], '^'(A) denote the domain 
delimited by the ellipse with foci and A, and minor axis length A(l — A). Several 
of these ellipses are represented in Figure [T] 

Remark 3.3. Other descriptions for fo'(A) are possible. The Cartesian equation of the 
boundary of (^{X) is given by: 

(^A - 1)^ yl 

A A(l-A) ' 

4 4 

while the parametric equation of the boundary of '^'(A) is given by: 

a;A(i) = ^cos(i) + ^, J/A(i)-^^^^^^^sin(0. 
Lemma 3.4. Let A G [0,1]. The support function of the ellipse <S{\) is: 
Ps{X){a) = ^(cos(a)A+ ^^(1 -sin(a)2A)). 
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Proof. Let A £ [0, 1]. The support function of (^{X) relative to the point is given by 
Ps{\)io.) = supjgjj x\{t) cos{a)+y\{t) sin(a), where xx{t) and y\{t) are the parametriza- 
tion of the boundary of S'{X). Let g = g\^a be the function defined by the following 
formula: 

/ \ ^ r \ / \ r \ \/A(1 — A) 

gx,a{t) = — cos(a) H — — cos(a) cos(i) H sin(a) sin(t). 

In order to compute P<s'(a)(ck) we only need to study this function for a G [0, tt] because 
<S'{X) has y = as a symmetry axis. 

Suppose that cos(a) ^ 0. We have g'^ ai^o) = if and only if tan(to) = \/l — Atan(a). 
So the critical points of g\^a are to = arctan(\/l — Atan(a)) and ti = arctan(\/l — Atan(Q:))+ 
TT. We denote cq = Lci = —1. Using standard trigonometric identities, we get 

1 ^/l — X tanfa) 

cos[ti) = £i ,x / , ^>sm(t^) - ' 



+ A) tan(a)2' ^1 + (1 - ^) tan(a)2 ' 

^ 

|cos(a) I ■ 



We denote Cq. = . Using again some trigonometry formulas, we have 



2gx,a{ti) =Acos(a) + eiVXcos{a) , \, , 

VI + (1 - A)tan(Q!)2 

r— — . , , Vl — Atanfa) 

+ V A(l - A) sm(a) ^ ' 

^ ^ ^ ^ Vl + (1-A)tan(a)2 

=Acos(q!) + eieQ"\/A\/l — Asin(Q;)2. 

We finally obtain that 

Ps(\){a) = ^ (^Acos(a) + VX^/l - Asin(Q;)2j . 

Suppose now that cos(a) = 0. Then gx^a{t) = ^^^^ sin(t). So we get that in 
all situations Ps(x){'^) — We obtain Ps(x){o'') — vi{X,a) for every a. □ 



Now we can easily prove Theorem |L2| in the "generic position" case. 
Theorem 3.5. If (Ni, N2) are in generic position, then: 



WiP^Pi) = conv^e.(P.Pi){^(A)}. 
Proof. We first notice that: 

Pw(P2Pi){oi) = sup vi{X,a)= sup pg(^x){a). 

Xea{P2Pi) Xea{P2Pi) 

As the support function characterizes the closure of a convex bounded set, we simply 
use Lemma 12.51 to conclude. □ 



The proof of the general case follows now by combining the previous theorem with 
the decomposition ([T]). 



Proof of Theorem \l.S\ Recall that Mi ^ H or M2 ^ H. We use the notation of the 
orthogonal decomposition ^ of H. Suppose that = {0}. Then PM2PAh 

is the 

direct sum of and / (or is zero if Afi n A/2 = {0}). Then it is easy to see that 
(f(O) = {0} and <^(1) = [0,1]. So we have T4^(FAf2-PMi) = [0,1] = conv{(?(0), (1)}. 
When Ml n M2 = {0}, we have VF(Pm2^Mi) = {0} = <?(0). 
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Suppose H ^{0}, and M^nM^- {0} (the cases M^nM2 7^ {0} and Mid Mi- ^ 
{0} are similar). On the space Mj^n Af^, we have PM2PM1 — 0. The numerical range 
of PM.PAh on {Mi n Mi) (B His conv{{0}, convAe,(p,p,){^(A)}}. As <f (0) - {0} C 
(o'(A) for all A G [0, 1], the numerical rang e of PM^Phh on {Mi n Mi) ® H is given 
by conYx(^a{P2Pi){'^W}- 

Suppose Ml n M2 7^ {0}. As PM2PM1 = I on the intersection Mi n M2, the 
numerical range of Pu^Phh on (Mi n M2) © -ff is conv{{l}, conv>,gcr(P2Pi){'^'(A)}}. 
For every A € [0, 1] we have e S'{\). As H ^ {0}, the numerical range of PM2PM1 
on (MinM2)®i? is conv{[0,l],convA6^(P2Pi){'^'(A)}}. But ^{l) = [0,1]. So, finally, 
the numerical range of PM2PM1 on (Mi n M2) (B H is co\iyx^„(^p^j^p^j^){S{\)}. This 
proves the theorem. □ 

In the case when Pm^ = I and Pm2 = /, we have of course that W{Pm2Pmi) = {I}- 

Remark 3.6. In |CM11] . Corach and Maestripieri proved that the Moore-Penrose 
pseudoinverse of a product of two orthogonal projections is idempotent (possibly un- 
bounded). Conversely, the Moore-Penrose pseudoinverse of an idempotent is a product 
of two orthogonal projections. It is well known that the numerical range of a (bounded) 
idempotent is an ellipse (see [SSlOj l. By using Halmos' theorem in a similar way as 
before, it is possible to prove that the closure of numerical range of an idempotent E 
is the convex hull of the domains delimited by the ellipses £'^{\) of foci 0, 1 and of 

minor axis length \J^^^, for A describing the spectrum cr(_E+) of the Moore-Penrose 

pseudoinverse of E, i.e.: 

W^ = convAe.(B+){£+(A)}. 

As £+(Ai) C £+(A2), if Ai < A2, the convex hull of all these ellipses will be just the 
biggest one, and we find another proof that W{E) is an ellipse. 



3.2 W{P2Pi) when P1P2P1 is diagonalizable 

Let {Ni,N2) be a pair of closed subspaces of H. Denote Pi = P^.. Suppose that 
{Ni,N2) is in generic position. The same proof as before will allow us to deduce the 
general case from this particular one. 

In this section we always assume for simplification that H is separable and make 
the hypothesis that P1P2P1 is diagonalizable, according to the following definition. 

Definition 3.7. We say that P1P2P1 is diagonalizable if there exists an orthonormal 
basis (^n)„gpj of H and a sequence of scalars (A„)^gpj such that: 

P1P2P1X ^'^Xn{x,hn)hn {x ^ H) . 

neN 

This happens for instance when P2P1 is a compact operator. Using our diagonal- 
izability assumption, it will be possible to decompose P2P1 as a direct sum of 2 x 2 
matrices. As we know that the numerical range of such a matrix is an ellipse, this will 
permit to deduce the numerical range of P2Pi- We first notice that < P1P2P1 < 
Therefore < A„ < 1. The next lemma characterizes when £ Ni. 

Lemma 3.8. Suppose that {Ni,N2) is in generic position. We have: 

1. KeNi^K^O 

2. K e Ni ^ K = 0. 
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Figure 2: 

Proof. We know that PiP2Pihn = KK- If A„ ^ 0, then K = j-PiP2Pihn e Ni. 

If A„ = 0, then PiP2Pihn = 0. So P2P1K e iYf^ n iVa = {0}, because we are in 
generic position. So P2Pihn = 0. We get Pi/i„ e iV;^ n TVi = {0}, Pi^„ = and thus 
K e N^- □ 

From now on, we just need those vectors /i„ which are in Ni. For simphfication, 
we denote these vectors as (/i„)ngN; each one correspond to a nonzero A„. This means 
that Pi P2 -Pi /in = A„/i„. As we have hn € A^i, we get Pi/i„ = hn- We denote (see 
Figure ^ 

li^nll ||/„|| 

Lemma 3.9. We have {wn,Wk) — Sn.k^n and {wn,hk) = <5„.feA„, where dn,k is the 
Kronecker symbol, whose value is 1 if n — k, and otherwise. 

Proof. For the first equahty, we have that {wn, Wk) — (PaPi^in, PjPi/ifc) = {PiP2Pihn, hk) 
K{hn,hk) = Sn,kK- For the other one, we have {w„,hk) = (PzPi/in, Pi^ifc) 
(PiPaPi/in, hk) — A„ (hn,hk) — (5„,fcA„. □ 

Corollary 3.10. Let 'span{h,w} he the closed subspace of H generated by h and w. 
If ^ k, then span{hn, w„} is orthogonal to span{hk, Wk}. 

Proposition 3.11. The range of span{hn, Wn} by P2P1 verifies 

P2Piispan{h„, Wn}) = span{wn} C span{hn,Wn}. 

Proof. We just need to prove that P2Pi{hn) and P2Pi{wn) are coUinear with w„. We 
have P2Pi{hn) = Wn. As /i„ is an eigenvector of P1P2P1, we obtain P2Pi(wn) = 

P2PiP2Pl(/l„)=P2(A„/l„) = AnW;„. □ 

Lemma 3.12. We have span{hn, Wn} — span{hn, fn}. 

Proof. As both of them are subspaces of dimension 2, it will be enough to show that 
span{hn, Wn} C span{hn, fn}- As hn € span{hn, fn}, we just need to prove that Wn G 
span{hn,fn}- We have w„ = PaPi/in = PiP2Pihn + {I - Pi)P2Pihn = A„/i„ + /„. 
So Wn e span{hn, fn}- □ 

Corollary 3.13. If n =/= k, then span{hn, fn} is orthogonal to span{hk, fk}- More- 
over, 

P2Pi{span{hn, fn}) = span{wn} C span{/i„, /„}. 



Proposition 3.14. We have P2{Ni) = N2- 
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Proof. The inclusion P2{Ni) C N2 is obvious. In order to prove that P2{Ni) D N2, it 
is enough to show that P2(-^i)^ C N^. Let y G P2(-^i)''"- Then, for every x £ Ni, we 
have = (y, P2ix)) = (P2(y), x). So PaCy) S iVf^. As P2{y) e A^2 and iV^^ n A^2 - {0}, 
we obtain ^2(2/) = 0. So y G TV;^. □ 

Corollary 3.15. T/ie vectors {wn)neN forms an orthonormal basis of N2. 



Proof. We know from Lemma ( |3.9[ ) that (iZ'„)„gN is an orthonormal system in N2. It 
remains to show that it is a generating system. We notice that the inclusion P2{Ni) C 
span{wn, n G N} implies, using P2{Ni) — N2 and span{wn , n G N} = span{wn, n G 

N} C 7V2, that 

N2 = P2{Ni) C span{w„, n G N} C N2, 

and then A^2 = span{wm n G N}. Let us show that P2{Ni) C span{wn, n G N}. For 
X G iVi, there exists a sequence (z^„) such that x = X^n^"'*"- Therefore ^2(2;) = 

-P2(Z]„ i^«/ln) = J2n VnP2{hn) = Y.n ^nWn- Finally P2(2^) G Spml{Wn,n G N}. □ 

Similarly, we can also show the following proposition. 



Proposition 3.16. We have {I — Pi)(A^2) = -^i"- Moreover, (/„)neN is an orthonor- 
mal basis of . 

Corollary 3.17. The operator P2P1 can be written as a direct sum o/2 x 2 matrices, 
i. e. : 

P2P1 = ^P2Pl \jpEn{h„J^} ■ 

neN 

Proof As /„ = we have span{K, /«} = span{K, /«}, and P2Pi{span{K, f,i}) C 
span{hn, fn}. Also, span{hn, /«} is orthogonal to span{hk, fk} whenever n ^ k. 
Moreover, (/„)ngN is an orthonormal basis of N^. We can write H as H = Ni(BN^ = 
span{hn, n G N} ® span{fn, n G N} = 0„span{/i„, /„} which proves the result. □ 

Lemma 3.18. With respect to the orthonormal basis (hmfn), the restriction of P2P1 
to its invariant subspace span{hn, fn} is given by: 

PP \ - - f ^" ^ 

P2P1 \^iH^,M- y ^A„(l-A„) 

Proof. As /„ G N^, we have Pi/„ = 0, so PjPi/n = 0. We can represent P2Pi/i„ as: 

P2P1K = P1P2P1K + Pl)P2PlK = KK + fn = KK + IfnW L 

In order to complete the proof, we have to show that ||/„|| — \J A„(l — A„). We 
have ||/„f = ||(/-Pi)P2Pi/i„||' - \\P2PxKf - \\P1P2PxKf = (PXP2P1K.K) - 

\\\nhnf =\n-\l ■ □ 



Remark 3.19. As < P1P2P1 < /, we have < A„ < 1 for every n. There exists 0„ 

\ span{hmfn} 

cos(6'„)2 



such that < 6'„ < I and cos(0„)^ = A„. Now we can rewrite P2P1 l^^^r/j z ^ as: 



Lpa«{ft„,/„} \^ cos(6'„)sin(6i„) 

This corresponds to the matrix of the composition of two orthogonal projections in 
the plane, projecting onto two lines of angle 0„. 

Corollary 3.20. The numerical range W{P2Pi \ span {h f }) ellipse S'(Xn). 
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Proof. This is consequence of the classical ellipse lemma for the numerical range of a 
2x2 matrix (see for instance |GR97] ). □ 

The following corollary is a "generic position" version of Theorem |1.3[ 



Corollary 3.21. Let (A^i, be two subpsaces in generic position such that P1P2P1 
is diagonalizable, then the numerical range W{P2Pi) is the convex hull of the ellipses 
<S{\) for all the X's which are non zero eigenvalues of P2P1, i.e.: 

W{P2Pi) = convAe.^(P,P,)\{o}{^(A)}. 

Proof. Simply combine the fact that P2P1 — ®„gN-P2-Pi \span{h f }' "^^^^ ^he fact 
that W{T®S) = cony {W{T), WiS)} and W{P2Pi l^poTfi /.„,/„}) = h^)- □ 



Using the same idea as in the proof of Theorem |1.2[ we can deduce Theorem |1.3| 
from Corollary |3.21[ 

Example 3.22. There are non-trivial examples where P1P2P1 admits only as eigen- 
value (hence P1P2P1 is not diagonalizable). Let T S S(L2([0,1])) be defined by 
Tf{x) = xf{x). One can easily show that T is an injective positive contraction that 
has no eigenvalues, with Ker(/ - T) = {0} and a{T) = [0, 1]. If we set C = T^l"^ and 
S — {I — T)^/^, we easily see that C and S are injective and positive contractions 
with no eigenvalues such that + S'^ — I. Moreover, C and S commute. We set 
i/ = L2([0,l])®L2([0,l]) and 



Pi = 



I 




p _f cs\ 
'^2- [cs ) 



Then Pi and P2 are orthogonal projections onto subspaces sitting in generic position, 
and 

C2 



P1P2P1 = 







Suppose there exist f®geH and A € a{P2Pi) such that PiP2Pi{f ® 5) = A(/ ® g). 
Then xf{x) = Xf{x) almost everywhere, and = Xg{x). This implies that A = 
and / = 0. So is the only eigenvalue of P1P2P1. However, we have a{PiP2Pi) — 
a(T)U{0}=[0,l]. 

Remark 3.23. At the end of |Nee99] . the author asks if H-Pj^ill^ is an accumulation 
point of eigenvalues, and if the spectrum P2P1 without zero consist only of eigenvalues. 
The previous example answers these two questions negatively. 



3.3 Localization of W{P2Pi) 

First we have this simple consequence of Theorem |1.2[ 

Corollary 3.24. Let Pi,P2 be two orthogonal projections. We have: 

W^(P2Pi) Cconv;,g[o,i]{^(A)}. 

Proof, li Pi — P2 = I this is clear since W{I) — {!}. Now suppose that Pi ^ I 
01 P2 ^ I. We use Theorem |1.2| and the fact that a{P2Pi) C [0, 1], so we have the 
inclusion conv xea{PM^PM^){'S'{X)} C convAe[04]{(?(A)}. □ 

This corollary says that if we can include convAg[o,i]{'^'(A)} (see Figure [3| in a 
subset of C, then for any pair of projection Pi,P2 we can include W{P2Pi) in the 
same subset. The next lemma is an example of localization of the numerical range 
using Corollary |3.24[ 



12 



Figure 3: coiwxe[o,i]{'^W} 



Lemma 3.25. Let Pi and P2 be two orthogonal projections. Then W{P2Pi) is a 
subset of the rectangle whose sides are x = —-^,x=l,y—^ and y = — \- 



Proof. Using Corollary 3.24 and the parametric equation of the boundary of (o'(A) 
(see Remark 3.3 1, we can prove that for all f G M and for all A e [0,1], we have 
-\<xx{t)<l&iid-\<y^{t)<\. □ 

Proof of Proposition^!^ Suppose that we have found 9\ such that ^(A) C {z € 
C, |arg(l — z)\ < 9\\ for every A. Taking 9 = su\){9\ : A e a{P2Pi)}, we will have 
that 

W{P2Pi) C convAe,(P,P,){<f(A)} C {z e C, |arg(l - z)\ < 9}. 

First we note that ^(0) = {0} and <g{l) = [0,1]. So we have 9q ^ 9i = 0. For 
A g]0, 1[, we denote {xx{t),y\{t)) the parametrization of the boundary of <S{X) given in 
Remark 3.3 We denote 9\(t) the angle between the line connecting the points O and 1, 
and the one connecting points 1 and {xx{t),yx{t)). We have that 9\ = supj^jj |^?A(i)|, 
and 

tan(^..(t))- _ yA(r3A)sin(t) 



l-xx{t) 2- A- \/Acos(i)' 

By differentiating tan(6'A(i)), we can see that Iq is a critical point if cos(to) = 2~x- 
we have that 



VA(l-A)y/l- ^A(l-A)v/(2-A)2-A VX 

tan(t/Aj = — — 



2_A-VAp^ (2-A)2-A V4^' 

As 9 = supAg^(P2Pi) 9x, we get that tan(6l) = supAg^(P2Pj)\{i} Then we con- 

clude using Lemma [2^) □ 



Remark 3.26. We obtain as a consequence the result that the numerical range of a 
product of two orthogonal projections is included in a sector with vertex 1 and angle 
7r/6 f |Cro08] ). Also, the result of Proposition 1.5 is sharp, in the sense that ii 9 < 

arctan(y^^S^)^ then WiP2Pi) is not included in {z e C, |arg(l - z)\ < 9}. 
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3.4 Some examples 

Let Pi,P2 be two orthogonal projections. The spectrum (t(P2^i) is always a compact 
subset of [0, 1]. In this section, we study the following inverse spectral problem : let 
K he a. compact subset of [0, 1]; when two orthogonal projections Pi and P2 exist such 
that ct(P2^i) — K? We will show that the answer is positive if and only if E K or 
K={1}. 

We start with the case K — {!}. 

Proposition 3.27. Let Mi and M2 he two subspaces of H . If does not belong to 
ciPhi^PMi), then we have that Mi — AI2 — H, Pm^ — Pm2 — I o-nd cf^Pm^Pm^) — 
{!}• 

Proof. We decompose as in ([T|): 

H = (Ml n M2) ® (Ml n M^) ® {Mt n M2) © {m^ n m^) ® h. 

Then Pm^Pmi = /®0©0©0© P2Pi- As does not belong to a{P2Pi), we obtain 
Ml n M^ = M^ n M2 = M^ n M^ = H ^ {0} (otherwise Pm^Paj^ would have 
a non trivial kernel). So we have H = Mi O M2 and Mi — M2 — H. Therefore 
Pm, = Pm2 = I and a{PM,PM,) = <y{I) = {!}■ □ 

Now, we suppose that Q E K. 

Theorem 3.28. Let H be a separable Hilbert space. Let K be a compact subset of 
[0, 1] such that Q £ K. Then there exist two orthogonal projections Pi,P2 on H such 
that ct(P2-Pi) = K . Moreover, P1P2P1 is diagonalisable. 

Proof. As i^T is a compact subset of [0,1], there exists a sequence (A„) in K such 
that {A„,n G N} = i^T. For all n S N, there exists a unique 9n G [0, ^] such that 
A„ = cos(0„)^. Let (e„)„gN be an orthonormal basis of H. We denote /i„ = e2n, 
In = e2n+i and w„ = cos(6'„)e2„ + sin(6'„)e2„+i. Let iVi = span{hn,n £ N} and 
N2 — span{wn, n e N} (see Figure [2|. Then we have that Pihn = h^, Pifn = and 
P2hn = cos(6'„)2/i„+cos(6'„)sin(6'„)/„, P2/« = cos(^„) sin(e'„)/i„ + sin(6i„)^/„. Hence 
P2Pihn = cos{6nYhn + cos(6'„) sin(6l„)/„ and P2Pifn = 0. Thus we get 



P2P1 - ^ P2P1 \jpEJl{ 

nefi 



nefi 

2 



cos(6'„)'^ 
cos(6'„)sin(6'„) 

Also, a{P2Pi) = {cos(6i„)2,ne N}U{0} = {A„,neN}U{0} ^ K. □ 



Remark 3.29. We have proved in the previous section that W{P2Pi) C conv>g[o_i]{(?(A)}. 
There are examples where this inclusion is an equality. According to Theorem |1.2[ we 
just need two projections that satisfy tT(P2Pi) — [0, 1]. The projections of Example 
|3.22| satisfy this condition, but P1P2P1 is not diagonalisable. With Theorem |3.28| we 
can also construct an example such that P1P2P1 is diagonalisable and a{P2Pi) = [0, 1]. 



Remark 3.30. As we now know all the possible shapes of ^(PjPi), Theorem 1.2 gives 
all the possible shapes of W{P2Pi). 



Rem,ark 3.31. Using the parametrization of the boundary of ^{X) (see Remark 3.3 1, 
we can prove that for all A £ [0, \], <?(A) C Let I<i = [0, \] and K2 = {0, \}. It 
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follows from Theorem |3 . 28 1 that there exist orthogonal projections Pi,P2,Qi, Q2 such 
that (j{P2Pi) — Ki and (j{Q2Qi) — K2- Moreover, we have that: 



W{P2Pi) = conv,g[o,ij{^(A)} = = conv{<f (0),^(-)} = W{Q2Qi). 

This shows that the points of the spectrum of P2P1 which are less that | are not 
uniquely determined by the numerical range. We will see in the next section that the 
situation is different for spectral values greater than | . 



4 The spectrum of P2P\ in terms of the numerical 
range 

4.1 The relationship between the spectral and numerical radii 



In this section, we will prove proposition [L4] and compare this result with an inequality 
from |Kit03j . 



Proof of Proposition \1.4\ If Mi = M2 = H, this is true. Now we suppose that Mi ^ 
H or M2 7^ H . By combining the definition of the numerical radius with the Theorem 



1.2 we obtain: 



a;(P2-Pi) = sup \w\ — sup \w\ . 

weW{P2Pi) w£g{\),X(ia{P2Pi) 

First, we compute s\i\i^^gi^x) \'^\ ^ fixed A. We denote by {x\{t),y\{t)) the 
parametrization of the boundary oiS'{\) given in Remark 3.3 We have sup^„g^(_)^) \w\ — 



suPigR ^/xx{tY + vx{tY and xx{tf + yx{tf = 1(A2 cos(t)2 + 2A\/Acos(i) + A). There- 
fore 



sup 



\w\ = y|(A272AyA7A) = ^(A + VX). 



Finally, 



w(P2Pi) = sup \w\ = sup \{\+^/X) = hr{P2Pi) + ^r{P2Pi)). 



weg{x),\<£a{P2Pi) \ecj(P2Pi) 2 2 



□ 



Remark 4.1. In |Kit03j . Kittaneh proved that for any operator T, we have the following 
inequality: 

io{T)<\{\\T\\ + \\TY)- (2) 

Let us compare Proposition |1 .4| with Kittaneh's inequality when T = P2Pi- If Mi n 
M2 {0}, then 1 is eigenvalue of Pa^'i- So IIP2-P1II = 11(^2 -Pi)^|| = 1, r{P2Pi) = 1 and 

Uj{P2Pl) = 1. Thus Lu{P2Pl) = \{^T{P2Pi) + r{P2Pi)) = \{\\P2Pl\\ + 11(^2^)1') 

and in this case, ^ is an equality. 

If Ml n M2 = {0}, then according to |KW88I IDeuOlj we have ||(P2^'i)"|| = 
cos(Mi,M2)2"-i and IIP1P2P1II = cos(Mi,M2)2 = r(PiP2Pi) = r(P2Pi). So we 
have w(P2Pi) = \WrlP2P1) + r{P2Pi)) = i(cos(Mi, M2) + cos(Mi, Afz)^) and also 

\{\\P2Pi\\ + \\{P2Pi?\\^) = i(cos(Afi,M2)+cos(Mi,M2)3). Ifcos(Afi,M2) <l,then 

^^{P2Pi) < \ (11^2^^111 + ||(P2Pi)^||'). So in this case, (2| is a strict inequality. 
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4.2 How to find a{P2Pi) from W{P2Pi) (and W^Piil - Pi))) 



Contrarily to Sections 2.1 and 2.2, where we have described W{P2Pi) in terms of 
a{P2Pi), the aim of this section is to obtain information about the spectrum of P2P1 
from its numerical range. We give an informal idea about how we do this. Denote 
ffa(A) = l(cos(a)A+A/A(l - sin(a)2A)); then we have pvf(P2Pi)(") ^ ^^V\ea(P2Pi) 9aW- 
We will use the support function as a tool to identify if the ellipse <S{X) is in the nu- 
merical range. If this is the case, then A will be in the spectrum. Denote by 5^ 



the closure of convAe[o,i]{(S'(A)}. By Corollary 3.24 we have W{P2Pi) C =5^, so 
suPAea(P2Pi).9a(A) = pw{P2Pt){o^) < P.y{a) = sup;,g[o g„(A). Using the continu- 
ity of the function ga{-) and the compacity of a{P2Pi), we get the existence of a 
point Ao G <j{P2Pi) such that p^/^ (^p^p^){a) = ga{Xo). With this information we are 
able to find an explicit formula for p,y(a). Moreover, we will see that the equality 
Pw{P2Pi)i'^) — P^{cy.) is equivalent to the presence of a unique point Aq (depending 
only on a) in the spectrum of P2Pi- 

We begin by giving a necessary and sufficient condition such that A is a critical 
point of .gc((A). 

Lemma 4.2. Let Aq g]0, 1[ and a G]0,7r[. Then Aq is a critical point for ga if and 
only if we have: 

a — 2arcsin(-\/l — Aosin(a)2). 

Proof We have g' (A) = i(cos(a) + _J^Bi^ML=). Thus g' (A) = if and only if 
vAcosfa) = — , ^ = — -v/l — A sin(a)^. Denoting X = \/\ — siniaYX, we have 
that 5^(A) = if and only if \J ^^^^y cos(a) ~ ^ ~ X , or, equivalently, if and only if 
cot(a) = „y~^"^!,„ :. We denote X = sin(7) and get that cotfa) = 1-2^11(7) _ 

2X\/1—X 2sin(7)Y^l— sm(7)2 

cot(27). As A G [0, 1], we have that X G [|cos(q!)| , 1], and 7 G [arcsin(|cos(a)|), |] C 
[0, §]. So 27 G [0,7r]. Therefore ^^.(A) if and only if a = 27, if and only if 
a — 2arcsin(-\/l — Aq sin(Q!)^). □ 

The next corollary says that the support functions of W{P2Pi) for a g]0, |] do 
not give us useful information about a{P2Pi). 

Corollary 4.3. //a G [0, and Xq g]0, 1[, then Ao is not a critical point of ga- 



Proof. We just need to check that Lemma 4.2 fails in this case. If Ao g]0, 1[, then 
2arcsin(-\/l — Aq sin(a)^) g] arcsin(|cos(Q!) |), 7r[. If a satisfies the condition of Lemma 



4.2 then a g] arcsin(|cos(a) |), 7r[. We want to know when we have a = 2arcsin(|cos(a)|). 
If a = 2arcsin(|cos(Q;)|), using some trigonometric formulas, we get that sin(a) — 
2 |cos(a)| sin(a). So |cos(a)| = |- If a = |, then 2arcsin(|cos(a)|) = | = a. If 
a = then 2arcsin(|cos(a)|) = | 7^ a. In other words, a = 2arcsin(|cos(a)|) if and 
only if a = ^. Moreover, if a G [0, then we have a < 2arcsin(|cos(a)|), so ga has 
no critical point on ]0, 1[. □ 

The following proposition says that piY{P2Pi){ot) can give information on cr(P2-Pi) 
if a G [f,7r]. 

Proposition 4.4. If a £ [f ,7r], then the only critical point of ga is Aq = ^Snla^ ■ 



Proof. From Lemma 4.2 we know that A is a critical point of ga if and only if a = 
2arcsin(-y/l — Asin(a)2). Compose by sinus on each side of the equality and use some 
trigonometric formulas to get that sin(a) — 2^/1 — Asin(Q;)2-yAsin(a). Dividing each 
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side by sin(a) and raising to the square, we get that 4A^ sin(Q;)^— 4A+1 = 0. Therefore 
if A is a critical point of (?„ , then A = ^+'^°'^(°) or A i-cos(a) ^ _ i cos(a) 

J- 2sin(a)^ 2sm(a)^ 2sin(Q)^ ' 



2 arcsin 



(^1 — Asin(a)2) = 2 arcsin (-^-(1 +cos(a))) 



Lemma 



4.2 



= 2 arcsin (cos(^)) 
says that A is not a critical point of ^q, . If A = 2ti'n'(a"^'* ' then 



2 arcsin 



(a/I — Asin(Q;)2) ^ 2 arcsin (y''^(l — cos(a))) 



2 arcsin (sin(^)) 



According to Lemma 4.2 A is a critical point oi ga- □ 

Remark 4.5. The condition a £ [f jTI"] ensures that A £ [0, 1]. We remark that 

^ 1 + cos(a) 1 
~ 2sin(Q)2 ~ 2(1 -cos(a))' 

If we have f < a < vr, then i < < 1. So A € [i, 1]. 

We give now an explicit formula for py{a). 



Corollary 4.6. The support function of — conv^g[Q i]{(S'(A)} is given by the fol- 
lowing formula: 

cos(a) if a & [0, ^] 
— ^ , if a € [f ,7rl 

. 4(1— cos(a)) L 3 ' J 



Proof. We know that p^(a) = max;^g[o ij (/^(A). We proved previously that if a S 

[0, |], thenp^(a) = max{5'a(0), ^^(l)} and if a G [|,7r] then (a) = max{ga(0), ^^(Aa), ^^(l)}, 

with Aq = 2(i-cos(a)) • have that ^0(0) = and 5q(1) = cos(q;) and also 

gai^a) — 4(i-cos(a)) ' Now it remains to show that for any a £ [f,7r], we have 

ga\^a} ^ .9al-l-j- ^S 4(i_cos(q)) COb[a) — 4(l-cos(a)) " 4(1-cos(q)) ' '^^^'^ 

last term is always positive, we get the announced result. □ 



Now we have enough material to prove Theorem |1. 6 1 

Proof of Theorem \1.6\ Let a £ [f , tt]. We know that piY(P2Pi){'^) = sW>\ea-{P2Pi) 9aW- 
As cr(P2-Pi) is a compact set and ga is a continuous function, there exists a Aq G 
q-(P2-Pi) such that: pw{P2Pi){a) = maxAea(P2Pi) 9aW = .gal-^o)- According to Propo- 
we have 5„(Ao) - 4(i_eos(a)) if and only if Ao = A„ = 2(i-cos(c.)) ■ 



sition 



4.4 



"1 ^ 2": If pw{P2Pi){a) = 4(i-cos(a)) = ffa(-^o), then we have Aq = A^ = 
2(i-cos(a)) ■ ^'^^ '^^o ^ cr(^2A), we get that Aq £ (t{P2Pi). 
"2 =^ 1": If Aa e cr(P2A), then we have that: 

gaiK) < max ga(A) < max 5„(A) = 5q(Aq). 

Ae<T(P2Pi) A6[0,l] 
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Therefore 

□ 

Given a, Theorem |1 .6| tells us whether Aq is in the spectrum or not by looking at 
the support function of W{P2Pi) in the direction a. Given A, the next corollary tell 
us in which direction ax we have to look to know whether A is in (t(P2-Pl) or not. 

Corollary 4.7. Let A E We denote a\ — arccos(l — 21^). The following 

assertions are equivalent: 

1- PW(P2Pi){0l\) = 4(l-cos(a^)) 

2. XeaiP^Pi). 

Proof. We denote / : [f,7r] — > the function given by /(a) = 2(i-cQs(a)) ■ ^he 

equivalence follows from Theorem |1.6[ and the facts that / is bijective with inverse 
function given by A H> arccos(l — ^). □ 

The next proposition is a "trick" to deduce most of the spectrum of P2P1 from 
a{P2{I — Pi))- As P2{I — Pi) is again a product of two orthogonal projections, all the 
results of this paper apply also to this operator. 

Proposition 4.8. Let X^O. Lf X e (j{P2{I - Pi)), then 1 - A e a{P2Pi). 
Proof. We decompose H as in ([T|). Therefore we have 

H = (Afi n M2) ® (Ml n M^) ® {M^ n M2) © (Afi^ n m^) ® h 

and 



PAh --/©/©oeoe 



/ 


(^2 (^Q 

- / ® ® / ® e ( ^2 



/ - Pm, ^ 0®0® I ® I ® 
PmAI ~ Pivh) - Q ®Q ® I ®Q ® 




/ 

C2 
CS 

CS 
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We remind that + S'^ = /, so we have that (j{S'^) 1 - ^(C^). Moreover 
<t{Pm2Pm,) = U{{l},{0},a(C2) U {0}} and a(PM,(/ - Pm,)) = U{{0},{1},(1 - 
(t(C2)) U {0}} depending on whether the corresponding subspaces are not reduced to 
{0}. 

Let A 7^ be such that A e (j{Pm2{I ~ Pm,))- Suppose that A = 1 and M^DA'h ^ 
{0}. Then we get that Pm^Pmi = on n M2. So 1 - A = is an eigenvalue of 
Pm^Pmi ■ 

In the other cases, we get that A G 1 — criC^) and H ^ {0}, hence 1 — A G <^{C^) C 

^(PAhPAh)- □ 
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Example 4.9. There exist orthogonal projections such that 1 — (j{Pm2{I — Pmi)) 7^ 
(t(Pm2-Pmi)- We will exhibit an example in H — C^. Let (ei, 62, 63) be an orthonormal 
basis of C^. We set Mi = span{ei} and M2 — span{e2}. Then we get that Mi n 
M2 = {0}, Ml n M^^ = span{e2}, M^ n M2 = spm{ei}, M^ n M^ ^ spanies} 
and if = {0}. So Pm.Pm^ = 0, Pm^I - Pm,) = Pm,, <j{Pm,PmJ = {0} and 
a(PM.(/-PMj) = {0,l}. 



Remark 4.10. Theorem |l.6| allows us to deduce cr(P2^'i) n [j, 1] from VK(F2Pi)- As 
I — Pi is also an orthogonal projection, we can also deduce a{P2{I ~ Pi)) H 1] from 



W{P2{I - Pi)). Moreover, Proposition 4.8 allows us to deduce a{P2Pi) n [0, |] from 

a(F2(/-Pi))n[i,i]. 



In other words, we can deduce (7(^2^1) from W{P2Pi) and W{P2{I — -Pi))- 

Proposition 4.11. Let Pi,P2 be two orthogonal projections. If a ^ [Oj f ]; then we 
have that 

Pw(P,p,){a) = r(Re(exp(-ia)P2Pi)) = ||Re(exp(-ia)P2Pi)|| ^ cj(Re(exp(-ia)P2Pi)). 

This proposition is significant because if we know r(Re(exp(— iQ;)P2Pi)) and r(Re(exp(— iQ;)P2(/- 



Pi))) for every a G ^] then, by using Theorem 1.6 and Proposition 4.8 
deduce a{P2Pi). 

Proof. Notice that Re(exp(— ia)P2Pi) is an hermitian operator, so r(Re(exp(— ia)P2Pi)) 
||Re(exp(— ia)P2Pi)|| = a;(Re(exp(— ia)P2Pi)) and the highest positive spectral value 
of Re(exp(— ia)P2Pi) is the highest positive value in the numerical range. In other 
words, we just need to prove that for all a G [0, f ], the highest positive spectral value 
of Re(exp(— ia)P2Pi) is greater than its lowest negative spectral value. 



With the notation of Remark 3.1 we have that Re(exp(— iQ;)P2Pi) ^ vi{C'^, a) © 
V2{C^,oi). We also have that for all A g [0,1] and for all a £ [0,7r], vi{X,a) > 
and V2{X,a) < 0. Moreover A e o'(C^) if and only if vi{X,a) and V2{X,a) G 
(T(Re(exp(— ia)P2Pi)). Therefore |t7i(A, Q!)| — |ij'2(A, q)| — vi{X,a)+V2{X,a) — Acos(q!). 
This last term is positive if a e [0, f ] and negative if a e [f , tt]. So a G [0, |] implies 
that pw(P2Pi){a) = r(Re(exp(-ia)P2Pi)). □ 



5 Applications to the rate of convergence in the von 
Neumann-Halperin theorem and to the uncertainty 
principle 

5.1 Applications to the method of alternating projections 

Von Neumann proved (cf. [DeuOll Chapter 9]) the following theorem: 

Theorem 5.1. Let Mi,M2 be two closed subspaces of H. Then for every x € H we 
have that: 

lim IKPm^PmXx - PA-hnAh^W = 0. 

n— >-oo 

If we set iVi = Ml n (Mi n 1/2)^ and N2 = M2 n (Mi n M2)-^, we have that 
Ni n N2 = {0}. In addition, we have 

(PmsPa/i)" — Pa/iRMs = {PN2PN1)"' 

for every n e N Therefore, the study of the convergence of (PMaPAfJ" to PmiHM^ 
reduces to studying the convergence of (P/v^Pati)" to 0. 
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If one looks at the speed of convergence of {Pn^Pni )" to 0, we have the dichotomy 
that either {Pn^PniY^ converges hnearly to 0, or (P/v^PatJ" converges arbitrarily 
slowly to 0. We can characterize arbitrarily slow convergence in many ways; see 
IBDH091 IBGMI IDHlOal IDHlObj and the references therein. 

The novelty of the following characterization of arbitrarily slow convergence is in 
the use of the numerical range of P/v2^iVi in items 6 through 8. 

Proposition 5.2. Let Ni,N2 be two closed subspaces of H such that NinN2 — {0}. 
The following assertions are equivalent: 

1. {PnoPniY^ converges arbitrarily slowly to 

2. IIPjv.PatJI = 1 

3. + is not closed 

4. lea{PN,PN^) 

5. cos{Ni,N2) = 1 

6. 1 e W{Pn,Pn^) 

7. there exists a sequence (A„) in [0, 1[ such that lim A„ = 1 and for every n E N, 

<^{Xn) C W{P2Pl) 

8. there exists 6* < f such that W{P]:q^PM^) C {z G C, |arg(l - z)\< 9}. 

Proof. We refer to |BDH09[ IBGM] (see also |Deu01[ Chapter 9]) for a proof of the 
equivalences of the first five assertions. 

"6 =^ 2". As 1 e W{Pn2Pni), we can find a sequence (a;„) such that ||a;„|| = 1 and 
lim„^oo {PN2PNiXn,Xn) — 1- Siucc we have that 

{PN2PNiXn,Xn) < \\PN2PN1 •^n II II II 

< WPn^Pn.x^W 

< WPn^PnAI 

< 1, 

we have that \\Pn2Pni\\ = 1- 



"4 ^ 6" . As 1 e a{PN2PN,) and a{PN,PN,) C W^(PAr,PjvJ, we have that 1 £ 

W{Pn2Pn,)- ' 

"7 ^ 6". This is clear as xx^{0) = ^ + ^ e (^{Xn) C W{P2Pi). 

"4 7". As Ni N2 = {0}, 1 is not an eigenvalue of PjVjP/Vi- So there exist 



A„ G a{PN2PNi) such that lim„ A„ = 1. The assertion 7 follows from Theorem 1.2 



"5 -^8". This is a consequence of Lemma [1. 5 [ □ 

Remark 5.3. In the spirit of [BGMj . we can extend "1 6" to a finite number of pro- 
jection, to obtain the following statement: If P/v^ , . . . , P/v,. are orthogonal projections 
such that D^^iNi — {0}, then {Pn^ ■ ■ ■ P/Vi)" converges arbitrarily slowly to if and 
only if 1 e W{Pi\[r ■ ■ ■ Pni)- The proof is similar. 

Remark 5.4. The equivalences between items 5 through 8 still hold if we drop the 
assumption that iVi n iV2 = {0}. 



5.2 Applications to annihilating pairs 

In this section we will give new characterizations of annihilating pairs. First we recall 
the context. We denote by the Fourier transform on L2(K)- Let S and E be 
two measurable subsets of R. We denote by Mg the operator of multiplication by 
9 G -^oo(IR) (i-e.: Mg{f) = gf for / G L2{^))- We denote by Is the indicator function 
of the subset S. Set Pj = Afi^ and Ps = J^*Mi^T. 
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Definition 5.5. We say that (5,2) is an annihilating pair if for every / £ ^2(1^) we 
have: 

Definition 5.6. We say that {S, E) is a strong annihilating pair if there exists a 
constant c > depending on S, S such that for all / e i2(IR) we have: 



\\ir<c[\\{i-Ps)fr + \\{i-p^)f\\ 

We want to recall some known facts ( |HJ94] . and |Len72| ') about (strong) annihi- 
lating pairs. 

Proposition 5.7. The following assertions are equivalents: 

1. (iS, S) is an annihilating pair 

2. l + iiW{Ps + xPT.) 

3. Ran(Ps) n Ran(Ps) = {0}. 

Proposition 5.8. The following assertions are equivalents: 
a. {S, S) is a strong annihilating pair 
b. 



l + i(^W{Ps + iP^) 

Ran(P5) n Ran(Ps) = {0} and cos{Ps, Ps) < 1 

11^5^11 < 1 

r(PsPs) < 1 
l^^(PsPs). 

The following proposition is a new characterization of annihilating pairs. 



Proposition 5.9. The following assertions are equivalent to the assertions of Propo- 
sition 15. 71 " 

1. ((S*, S) is an annihilating pair 

4. 1(^W{PsPj:). 

Proof We have that 1 e W^(PsPs) if and only if there exist h£ H such that \\h\\ = 1 
ad {PsPT,h,h) = 1. This is equivalent to the existence of some h £ H such that 



||PsPi;/i|| — \\h\\ = 1. This last assertion is equivalent to (3) in Proposition 5.7 □ 



Proposition 5.10. The following assertions are equivalent to the assertions of Propo- 
sition \5.8[ 

(S, S) is a strong annihilating pair 

9- 



h. 



1 i W{PsP^) 
ioiPsPi:) < 1 

for all a G [0, |], w(Re(exp(-ia)P5PE)) < cos(q!) 
there exists a G [0, ^] such that w(Re(exp(— iQ;)P5PE)) < cos(a) 
k. there exists 6 < f such that W{PsPi:) C {z G C, |arg(l - z)| <0}\ {!}. 



Proof "/ ^ g". By Theorem |l.2| 1 G W{PsP^) if and only if (1) C W{PsP^), if 
and only if 1 G a{PsPT.)- 



"e <;4> h" . This is a direct consequence of Proposition 



"/ =4' i". This is a consequence of Corollary 4.3 
"i ^ j" This is trivial. 



1.4 



"j =^ /" This is a consequence of Corollary 4.3 



"c <^ k" This consequence of Lemma 1.5 and of the previous Proposition. □ 
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